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Abstract: A graph G is class II, if its chromatic index is at least A + 1. Let if be a 
maximum A-edge-colorable subgraph of G. The paper proves best possible lower bounds 
for ) and structural properties of maximum A-edge-colorable subgraphs. It is shown 
that every set of vertex-disjoint cycles of a class II graph with A > 3 can be extended to a 
maximum A-edge-colorable subgraph. Simple graphs have a maximum A-edge-colorable 
subgraph such that the complement is a matching. Furthermore, a maximum A-edge- 
colorable subgraph of a simple graph is always class I. 
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1. Introduction 

We consider finite, undirected graphs G = (V, E) with vertex set V = V(G) and edge 
set E = E(G). The graphs might have multiple edges but no loops. 

Let G be a graph. The length of the shortest (odd) cycle of the underlying simple 

graph of G is called the (odd) girth of G, i.e. the girth of G is always at least three. 

For X C V(G) we denote by 8q(X) the set of edges with precisely one end in X. The 

minimum and maximum degree of G is denoted by 5(G) and A(C7), respectively. A partial 

proper t-edge-coloring of G is an assignment of colors 1, t to some edges of G such that 

adjacent edges receive different colors. Let 9 be a partial proper t-edge-coloring of G. The 
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components of the subgraph which is induced by two colors a and (3 are called (a, (3)- 
Kempe-chains. That is, a Kempe-chain is either a path or an even cycle. In the case that 
it is a path P, we also say, that P is an a- (3- alternating path. 

A partial proper t-edge-coloring of G is called a proper i-edge-coloring (or just t-edge- 
coloring) if all edges are assigned some color. The smallest number k for which G has a 
fc-edge-coloring is called the chromatic index of G, and it is denoted by x'{G). A graph 
G is critical, if x'(G) > A(G) and x'(G - e) < for every edge e G E(G). If G is 

simple, we also say that G is A(G)- critical. Clearly, A(G) < x'{G), and by the classical 
theorems of Shannon and Vizing we have the following upper bounds for the chromatic 
index of a graph. 

Theorem 1 (Shannon) Let G be a graph, then x'(G) < [ 3A ^ G ) j , 

Theorem 2 (Vizing) Let G be a graph, then x'{G) < A(G) + fi(G), where n(G) is the 
maximum multiplicity of an edge in G. 

A graph G with x'{G) = A(G) = A is class I, otherwise it is class II. There are 
long standing open conjectures on class II graphs, cf. [ 3]. It is a notorious difficult open 
problem to characterize class II graphs or even to obtain some insight into their structural 
properties. This paper focuses on the A-edge-colorable part of graphs. A subgraph H 
of G is called maximum A-edge-colorable, if it is A-edge-colorable and contains as many 
edges as possible. The fraction \E(H)\/\E(G)\ is the subject of many papers, e.g. lower 
bounds are proved for cubic, subcubic or 4-regular graphs, [ [TJ El E|. One aim of this 
paper is to prove a general best possible lower bound for all graphs. 

Let if be a maximum A-edge-colorable subgraph of G, which is properly colored with 
colors 1, A. Usually, we will refer to edges of E(G)\E(H) as uncolored edges. For a 
vertex v of G let C(v) be the set of colors that appear at v, and C(v) = {1, A}\C(v) 
be the set of colors which are missing at v. 

Let e = (v,u) G E(G)\E(H) be an uncolored edge, a G C(u), (3 G C(v). Since H 
is a maximum A-edge-colorable subgraph of G, we have that a G C{y) and (3 G C{u). 
Consider the a-[3- alternating path P starting from the vertex v. Again, since if is a 
maximum A-edge-colorable subgraph of G, the path P ends in u. Thus P is an even 
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path, which together with the edge e forms an odd cycle. We will denote this cycle by 
3H . If the subgraph H is fixed, then we will shorten the notation to C e aB . 
Kempe chains forming an odd cycle together with an uncolored edge e, g , play a 
central role in the study of cubic graphs [ [9]. The second aim of this paper is to 
generalize some of these results to arbitrary graphs, and to investigate the maximum 
A-edge-colorable subgraphs. We show that any set of vertex-disjoint cycles of a graph 
G with A(G) > 3 can be extended to a maximum A-edge-colorable subgraph of G. In 
particular, any 2-factor of a graph with maximum degree at least three can be extended 
to such a subgraph. 

Let be a x'(G r )-edge-coloring of a graph G with 'x'iG) = A(G) + k {k > 1), and 
r'^G) = min J^ =1 We define r' e (G) = min^r^G) as the minimum size of the 

union of k color-classes in a x'(^)" e dge-coloring of G. Let r e (G) denote the minimum 
number of edges that should be removed from G in order to obtain a graph H with 
X'(H) = A(G). Clearly, r e (G) = \E(G)\ - \E(H)\, where if is a maximum A-edge- 
colorable subgraph of G. In [ 2] it is shown that the complement of any maximum 
3-edge-colorable subgraph of a cubic graph is a matching, and hence r e (G) = r'JG) for 
cubic graphs. This paper generalizes this result to simple graphs. We further prove some 
bounds for the vertex degrees of a maximum A(G)-edge-colorable subgraph H. 

2. Maximum A-edge-colorable subgraphs: Cycles 

The key property of cycles corresponding to uncolored edges in cubic graphs that is 
used in [ [71 E] is their vertex-disjointness. As the example from Figure [T] shows, they 
can have even common edges in the general case. To see this, consider the graph G and 
its maximum A(G)-edge-colorable subgraph H from Figure [TJ Note that C(a) = {4}, 
C(b) = {3}, C{c) = {1,2}, and hence E(Cff) n E(C%f) ^ 0. 

Despite this, it turns out that, as Theorem |3] demonstrates below, the edge-disjointness 
of the cycles can be preserved. For the proof we need the following Lemma, where we 
implicitly assume that the maximum A(G)-edge-colorable subgraph if of a graph G is 
colored with A = A(G) colors. Before we proceed, let us note that if C e a g and C* s are two 
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Figure 1. Cycles of uncolored edges may intersect. 

cycles corresponding to two different uncolored edges e and e' with respect to a maximum 
A(G)-edge-colorable subgraph, then E(C^) n E(CQ ^ implies {a, (3} n {7, 5} ^ 0. 
The Lemma, that we are going to prove, describes the placement of the edges of e and e'. 

Lemma 1 Let H be any maximum A(G)- edge- colorable subgraph of a graph G, and e, e' 
be two uncolored edges. If ' E(C*p) C\E(C^) 7^ 0, then there is a vertex v such that e and 
e' are incident to v and a G C(v). 

Proof. Let e and e' be two uncolored edges with respect to H, and E(C^p)r\E(C^ ) 7^ 0. 
If P — 7, then e and e' are parallel, therefore the statement of the Lemma is trivial. Thus, 
we can assume that (3 7^ 7, and therefore every edge e" e E(C e a ^) n E{C^) is colored 
with color a. 

We first show that e and e' are adjacent. Assume to the contrary that this is not the 
case. Let P' be a subpath of that connects e' to (v,w) = e" G E(C* p) fl E(C^ n ), 
where e" is chosen so that E(P') n E(C e a ^) n E(C e ^) = 0. Note, that this is always 
possible. Suppose that P' connects e' to the vertex ty. Let P be a subpath of C e a ^ that 
connects e to the vertex v, and does not pass through w. 

There are edges / G E(P + e), /' G P(P' + e') which are adjacent to e" . If / 7^ e, then 
/ is colored with color f3, and similarly, if /' 7^ e', /' is colored with color 7. Moreover, / 
and /' do not share a vertex, / is incident to v, and /' to w. 

Now recolor E(P) + e by leaving e" uncolored and color the remaining edges with colors 
a, f3 alternately, to obtain another maximum A-edge-colorable subgraph H'oi G. By the 
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choice of P and P', no edge of the subpath P' of C^' is involved in the recoloring process. 
Thus P' + e' can be colored with colors a, 7 and we obtain a A-edge-colorable subgraph 
H* with > ^(ff)!, contradicting our choice of H. Thus e and e' are adjacent. 

If e and e' are parallel, then our statement follows easily. It remains to consider the case 
when e and e' share precisely one vertex, say v. Assume to the contrary that a C(v), 
i.e. a G C(v) . Then, interchanging colors a and /3 in G e a p allows us to color e' with color 
a, contradicting the maximality of H . Hence it follows that a G C(v), and the statement 
is proved. □ 

Theorem 3 Let H be any maximum A{G)- edge- colorable subgraph of a graph G, and let 
E(G) — E(H) = {ei = (ui,Vi)\l < i < n} be the set of uncolored edges. Assume that H 
is properly edge-colored with colors 1, . . . ,A(G). Then there is an assignment of colors 
oil £ C(ui),(3i G C(v%), . . . ,a n G C(u n ),{3 n G C(v n ) to the uncolored edges, such that 
E{CZ A ) H E{C% A ) = ®,foralll<z<j<n. 

Proof. We prove the statement by induction on the number n of uncolored edges. 
If n = 1, then the statement is trivial. 

Let n > 2, and G be a graph with \E(G) — E(H) \ = n. We need to consider two cases. 

Case 1: There is a k (1 < k < n), such that A(G — Ck) = A(G). Then, if is a 
maximum A(G — efc)-edge-colorable subgraph of a graph G — e k . Thus by the induction 
hypothesis, there are a x G C(ui), Pi G C(ui), . . . , a k -i G C(u k -i), ftk-i G C(v k -i), a k+ i G 
C(u k+1 ), f3 k+1 G C(v k+ i), ...,a n E C(u n ), n G C{v n ) such that 

E{C% A ) n £(C2 A ) = 0, for all 1 < i < j < n (ij + k). 

Define I k = {e*|i 7^ fc, and is incident to u k }, and </& = {ei\i 7^ fc, and is incident to v k }. 
Then |C(itfe)| > 1 + \I k \, \C(v k )\ > 1 + |Jfc|, and hence there are ot k G C{u k ),f5 k G C(vfc), 
such that a k 7^ G I& and /3& 7^ f3j, Cj G Jfc. Choose the colors a k , {3 k to create C^* /3fc , 
then Lemma □ implies that E{C%. A ) n E{C e J.^) = 0, for all 1 < i < j < n. 

Case 2: For each fc (1 < < n) we have A(G — e k ) < A(G). Then, there is a vertex v of 
maximum degree A(G), such that v is incident to all uncolored edges ex, e n (Figure [2]). 
Thus, without loss of generality, we can assume that v — V\ — ... — v n . Let ...,u^ 1 ' 
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(/ < n) be all the neighbors of v such that v and vfi are connected by k{ uncolored 
edges, ki > 1 , i = (Figure [2]) • Clearly, k\ + ... + k[ = n. We may assume that 

the edges ei,..., are incident to vS 1 ', the edges e& 1+ x, e/- 1+ fc 2 are incident to u^ 2 \..., 
the edges efc 1+ ... + ^_ 1+ i, e n are incident to vS 1 ' . Moreover, let C(v) = {ci,...,c n } and 
V(u®) = {<&,.. .,<%>},!< j<l. 




Figure 2. All uncolored edges are incident to the vertex v. 



Note that tj > kj, for j = Define 



(5i = ci, ...,/3 n = c n , 

(i) (i) 
«! = ^ ; , ...,a fcl = 4/, 

(2) (2) 

ttfci+i — c x , afe 1+ fe 2 — c k2 , 



(0 _ (0 

«fci+...+fe i _ 1 +i — c x , a n — c fc; . 

Now, it is not hard to see that the choice of a\, f}\, a n , /3 n and Lemma [1] imply that 
E{C* A ) n E(C e J^.) = 0, for all 1 < i < j < n. □ 

The next Theorem generalizes the result of [ E| that any 2-factor of a cubic graph can 
be extended to a maximum 3-edge-colorable subgraph to arbitrary graphs. 
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Theorem 4 Let F be any set of vertex-disjoint cycles of a graph G with A = A(G) > 3. 
Then there is a maximum A- edge- colorable subgraph H of G, such that E(F) C E(H). 

Proof. Let A = A(G) > 3. For F consider a maximum A-edge-colorable subgraph H of 
G with \E(F) n E(H)\ is maximum. 

We will show that E(F) C E(H). Assume to the contrary that there is an edge 
e = (u,v) G E(F), such that e does not belong to E(H). Let us assume that H is 
properly colored with colors 1, 2, A. 

Case 1: There are a G C(u)\C(v) and f3 G C(v)\C(u), such that C e ^ contains an edge 
/ that does not belong to a cycle of F. Consider a proper partial A-edge-coloring of G 
obtained from the coloring of H by shifting the colors on the cycle C^ 8 and leaving the 
edge / uncolored. The new partial A-edge-coloring corresponds to a maximum A-edge- 
colorable subgraph H' of G with \E{F) n E{H')\ > \E(F) n E(H)\, contradicting the 
choice of H. 

Case 2: For all a G C(u)\C(v) and /3 G C(v)\C(u), the edges of C^ ^ lie on a cycle of F. 
Since the cycles of F are vertex-disjoint, it follows that \C(u)\C(v)\ = \C(v)\C(u)\ = 1 
and there is only one cycle C^g — C e , which, in its turn, is a cycle of F. This implies 
that d H (u) = d H (v) = A(G) - 1 > 2 and d(u) = d(v) = A(G) > 3. 

Let us assume that C e — e is colored by the colors A — 1 and A, alternately. For an 
edge / of C e , define Hf obtained from H as follows, 

1. leave the edge / uncolored, 

2. color the edges of the even path C e — f with colors A — 1 and A, alternately, 

3. leave the colors of the rest of edges unchanged. 

Note that the subgraphs H e and H are the same, though they may have received 
different colorings, and for each edge / of C e , Hf is a maximum A-edge-colorable subgraph 
of G with \E(F) n E(H f )\ = \E(F) n E(H)\. Similar to the consideration of the case 1 
with respect to Hf, it can be shown that we can assume that if / = (p, q) is an edge of 
C e , then d Hf (p) = d Hf {q) = A(G) - 1 > 2 and d(p) = d(q) = A{G) > 3. This implies 
that the vertices of the cycle C e are of degree A. Since A > 3, each vertex of C e is 
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incident to A — 2 > 1 edges that do not lie on C e , and which are colored by the colors 
1, A — 2 in every Hf. Let 9 be a proper partial A-edge-coloring of G which is obtained 
from the coloring of H by deleting the colors of all edges of C e . Since C e is an odd cycle, 
it follows that there is a 1-A-alternating path P w (with respect to the edge-coloring 8) 
that starts from a vertex w 6 V{C e ) and does not end at a vertex of C e . Choose an edge 
g = (w,z) G E(C e ), and let h be the other edge of C e that is incident to w. Consider a 
proper partial A-edge-coloring of G obtained from 9 as follows, 

1. shift the colors on the path P w , and clear the color of the edge that is incident to z 
and has a color 1 in 8, 

2. color g with color 1, and color the edges of the even path C e — g with colors A — 1 
and A alternately, starting from the edge h. 

This new partial A-edge-coloring of G corresponds to a maximum A-edge-colorable 
subgraph H' of G, which satisfies \E(F) n E(H')\ > \E(F) n E(H g )\ = \E(F) n E(H)\, 
contradicting the choice of H. □ 

Corollary 1 Let F be any 2-f actor of a graph G with A(G) > 3. Then, there is a 
maximum A(G)- edge- colorable subgraph H of G, such that E(F) C E(H). 

3. Maximum A-edge-colorable subgraphs: Cuts and size 

Theorem 5 Let H be any maximum A(G)- edge-colorable subgraph of a graph G. Then 



Furthermore, the bounds are best possible. 

Proof. 1. Let X C V(G), and assume that dc{X) contains k uncolored edges. By 
Theorem [31 there is an assignment of colors to uncolored edges with respect to H such 
that the corresponding cycles do not intersect. Since every cycle C e a& of an uncolored 
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\d H {X)\ > [M^] for each X C V(G) 



3. 
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edge e of do(X), intersects do(X) at least twice, there are at least k pairwise different 
edges of H that belong to dc{X). 

Statements 2. and 3. follow directly from the first. It remains to show that the bounds 
are best possible. Let H r be the complete bipartite graph K 2r +i,2r+i with a subdivided 
edge. It is well known, that H r is (2r+l)-critical. Therefore it has a (2r + l)-edge-coloring, 
that leaves precisely one edge, which is incident to a vertex of degree 2, uncolored. Take 
r copies of H r and identify the vertices of degree two to obtain the graph H. Now take 
two copies of H and connect the vertices of degree 2r with an edge to obtain the graph 
G. It is not hard to observe that G has a maximum (2r + l)-edge-colorable subgraph of 
minimum degree r + 1. This implies that the bounds are best possible (for statement 3 
as well, since G is regular). Note, that the graphs are simple. 

For multi-graphs, take k > 1 copies of the graph with three vertices, one vertex of 
degree 2 and the other two of degree 2k. These graphs have a 2fc-edge-colorable subgraph 
that leaves precisely one edge uncolored, which is incident to a bivalent vertex. Identify 
the bivalent vertices to obtain a 2/c-regular graph with the desired properties. □ 

Next we will construct some graphs to which we will refer in the following to show that 
the bounds of Theorem [6] are best possible. Recall that, by definition, the girth of a graph 
is always at least three. 

Lemma 2 For each k > 1, there is a graph Gk with girth g = 2k + l, such that \E(Hk) \ = 
^j^\E(Gk)\, for each maximum A(Gk)- edge- colorable subgraph H^. Furthermore, there 
is a maximum A(Gk) -edge- colorable subgraph with A(H£) = \^^A(Gk)1- 

Proof. For k > 1, let Gk = Cffc+i be a cycle of length 2k + 1, where each edge has 
multiplicity 2k. Then A(Cf£ +1 ) = Ak = A, and \E(C$ +1 )\ = 2k{2k + 1). Every color 
class contains at most k edges, hence \E(Hf-) \ < 4k 2 , for every maximum A-edge-colorable 
subgraph. 

Let HI be the subgraph of Gk with Ak 2 edges, one edge of multiplicity 2k and the 
remaining 2k edges of multiplicity 2k — 1. It is easy to see that is 4/c-edge-colorable, 
thus \E(Hk)\ = Ak 2 for all maximum A-edge-colorable subgraphs of Gk- Furthermore 
A(H* k ) = 4fc-l= [4fc(l- 5^)1. □ 
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Theorem 6 If G is a graph with girth g G {2k, 2k + 1} (k > 1), and if a maximum 
A(G)- edge- colorable subgraph of G, then \E(H)\ > ^-^\E{G)\, and the bound is best 
possible. 

Proof. Let if be a maximum A(G)-edge-colorable subgraph of G, and {ei, . . . , e n } be the 
set of uncolored edges. Let C^. ». be the pairwise edge-disjoint cycles of Theorem [3l G 1 = 
(V(G), ljr=i E(C^. b ))-> an d H' the colored subgraph of G' . Then it follows by Theorem 
El that \E{H')\ > jgjI^GOl- Furthermore, E(G) - E{G') = E{H) - E(H'), and hence 
\E(H)\ = \E(H')\ + \E(G) - E(G')\ > ^\E{G')\ + \E(G) - E(G')\ > ^\E{G)\. The 
graphs Gk of Lemma [2] show that the bound is best possible. □ 

Theorem [5] implies that A (if) > |~^r^~|- However for the maximum vertex degree of 
a maximum A(G)-edge-colorable subgraph if of G much better bounds can be proved. 
For this we need the well known fact, that (*) x'(G) < ■^-A(G') + f° r graphs G with 
x'(G) > A(G) + 1 and odd girth g. This result is easily deducible from the results of 
Kierstead [H] (about acceptable paths), and it implies that A(G) = x'(H) < -^A(H) + 
|5y- in [ 8J it is proved that x'(G) < A(G) + We summarize the consequences of 

these two results in the following corollary. 

Corollary 2 If G is a graph with girth g e {2k, 2k + 1} (k > 1), and if a maximum 
A(G) -edge- colorable subgraph ofG, then 

1. X '(H) > max{ X '(G) - \^], ^(G) - ffef }, 

2. A(ii)>max{A(G')-r^l,AA(G)-i|=f}. 

3.1. Simple graphs 

Theorem 7 Every simple graph G contains a maximum A- edge- colorable subgraph, such 
that the uncolored edges form a matching. 

Proof. Take a maximum A-edge-colorable subgraph ff of G which minimizes the number 
of pairs of adjacent uncolored edges. The proof will be completed if we show that this 
number is zero. 
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Assume, on the contrary, that there is a vertex v which is incident to two uncolored 
edges, one of which is (u,v). Let H be A-edge-colored and assume that a G C(v), 
f3 G C(u). Since if is a maximum A-edge-colorable subgraph of G, there is an edge 
(u,vq) that is colored with color ao- Consider a maximal fan beginning from the vertex 
t> , that is a maximal sequence (v , a , vi, a±, ...,Vk,aik) sucn that 

1. (u,Vi) G E(G), and for i — 0, k, the edge (u,Vi) is colored with color ccj, 

2. «j G C(vi-i), for i = 1, k, and 

3. ceo, . . . , Oik are distinct colors. 

We show that C(vk) ^ 0. Suppose that C(vk) = 0. This means that v k is a vertex of 
maximum degree A(G) and all edges incident to it are from H. Consider a maximum 
A-edge-colorable subgraph H' of G obtained from H as follows: Color (u,v) by a , for 
i = 0,...,k — 1 color (u,Vi) with color a i+ ±, and leave the edge (u,Vk) uncolored. Then 
there are less pairs of adjacent uncolored edges in H' than in H, which contradicts the 
choice of H. 

Thus, there exist c^+i G C(vk). The maximality of the sequence (i>o, oio, Vk, cxk) 
implies that a^+i G {a , oik-i}, sa y a k+i = for an < i < A; — 1. Recall that 
(3 G C(-u). The maximality of H implies that f3 G C(vk). Consider the maximal fi-otk+i — 
f3-cti alternating path P beginning from the vertex We will show that our assumptions 
imply that H is not a maximum A-edge-colorable subgraph of G, contradicting the choice 
oiH. 

Case 1: P does not reach u,Vi,Vi-\. The following recoloring yields the desired contra- 
diction. Color the edge (u,v) by a , (u,Vj) by <x, + i, j = 0, k — 1, exchange the colors 
on the path P and color (u,Vk) by (3. 

Case 2: P reaches Vi. Since the edge (u,Vi) is colored by it follows that the path 
P enters Vi by an edge colored (3. To get the contradiction, color the edge (u,v) by ao, 
(u,Vj) by (Xj+i, j = 0, — 1, exchange the colors on the path P and color (u,Vi) by j3. 

Case 3: P reaches Vi-i. Since a, G C(wj_i), it follows that the path P reaches Vi-\ by 
an edge colored j3. Color the edge (u,v) by a , (u,Vj) by a^+i, j = 0, — 2, exchange 
the colors on the path P and color (u,Vi-i) by /3 to get the desired contradiction. □ 
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Theorem [7J is equivalent to 

Theorem 8 If G is a simple graph, then r e (G) = r' e (G). 

Lemma [2] shows that a maximum A-edge-colorable subgraph of a multigraph can be 
class II as well. This cannot be the case for simple graphs as the following theorem shows. 

Theorem 9 If H is a maximum A(G)- edge- colorable subgraph of a simple graph G, then 
A(H) = A(G), i.e. H is class I. 

Proof. Let e = (v,w) G E(G)-E(H) be an uncolored edge. Then x'(H + e) = A(G) + 1, 
and hence, since H + e is simple, A(H + e) = A(G). The graph H + e contains a A(G)- 
critical subgraph H', which clearly contains the edge e. By Vizing's Adjacency Lemma 
[10], every vertex of H' is adjacent to at least two vertices of maximum degree A(G). 
Thus there is a vertex x ^ v,w of H' with dn'(x) = A(G), and hence A(H) = A(G). □ 

4. Discussion and some Conjectures 

Theorem [7] says, that every simple class II graph G has a maximum A-edge-colorable 
subgraph H, such that x'(G\E(H)) = 1. We believe that this can be generalized to 
multigraphs. 

Conjecture 1 If G is a graph with x'(G) = A(G) + k (k > 0), then there is a maximum 
A(G)- edge- colorable subgraph H of G, such that x'{G\E(H)) = k. 

This conjecture is equivalent to the following statement. 

Conjecture 2 Let G be a graph, then r e (G) = r' e (G). 

Acknowledgement We would like to thank our reviewers for their useful comments that 
helped us to improve the presentation of the paper. Our special thanks to the second 
reviewer, who has pointed out a mistake in the earlier version of the proof of Lemma [lj 
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